In this paper we study the tail behaviour of Mexican needlets, a class of spherical wavelets introduced by [9] . In particular, we provide an explicit upper bound depending on the resolution level j and a parameter s governing the shape of the Mexican needlets.
Introduction
A lot of interest has recently been focussed on various forms of spherical wavelets, see for instance [2] , [3] , [5] , [11] , [16] , [21] and the references therein. This interest has also been fuelled by strong applied motivations, for instance in Astrophysics and Cosmology, cfr. for example [15] . Many theoretical and applied papers have been concerned, in particular, with so-called spherical needlets, which were introduced into the Functional Analysis literature by [16] , [17] . Loosely speaking, the latter can be envisaged as a convolution of the spherical harmonics with a weight function which is smooth and compactly supported in the harmonic domain (more details will be given below). Localization properties in this framework were fully investigated by [16] , [17] .
Needlets have been recently generalized in various directions: for instance, spin needlets (see [6] ) and mixed needlets (cfr. [7] ) for spin fiber bundles, needlets were developed on the unitary ball in [18] , while this framework has been also extended to allow for an unbounded support in the frequency domain by [9] , see also [8] , [10] ; the latter construction is usually labelled Mexican needlets. It is to be noted that Mexican needlets can be considered asymptotically equivalent to the Spherical Mexican Hat Wavelets (SMHW), currently the most popular wavelet procedure in the applied Cosmological literature (see again [15] ). Examples of applications, again related to the study of CMB radiation, can be found in [4] , [12] , [14] , [19] . As described in details below, Mexican needlets enjoy tremendous localization properties in the real domain; in this paper, we investigate the relationship between the tail decay and the exact shape of the weight function. Indeed, the aim of this work is to provide analytic expressions to bound the tail behaviour in the real domain: we prove the tails are Gaussian up to a polynomial term, whose dependence on the choice of the kernel can be identified explicitly. In particular, we shall consider wavelet filters of the form
where P l (·) denotes the standard Legendre polynomial of degree l. We shall be able to show that
where H 2s (·) identifies the Hermite polynomial of degree 2s, cfr. Theorem 1 below.
It is important to remark that in [9] the authors obtained an analogous expression for the n-dimensional sphere, limiting their investigation to the case of the shape parameter s = 1. In this paper we will extend this bound for any choice of s ∈ N; our argument exploits a technique similar to the one used by Narcowich, Petrushev and Ward in [16] (see also [13] , [17] ). In our proof, we will also exploit the analytic form of the weight function to compute exactly its Fourier transform in terms of Hermite polynomials; this will also allow us to investigate explicitly the roles of the resolution level j and of the shape parameter s.
The plan of this paper is as follows. In Section 2 we recall the definition and some pivotal properties of Mexican needlets while in Section 3 we exploit our main theorem and some auxiliary results.
The construction of Mexican needlets
In this Section we shall review Mexican needlets, as developed by Geller and Mayeli, see [8] , [9] and [10] . As mentioned, and similarly to standard needlets (cfr. [16] , [17] ), Mexican needlets can be viewed as a combination of Legendre polynomials weighted by a smooth function. Indeed, let us recall the well-known decomposition of the space of the square-integrable functions over the sphere, L 2 (S 2 ), as
where H l is the space of the homogeneous polynomials of degree l, spanned by the spherical harmonics {Y lm , l = 0, 1, 2, ..., m = −l, .., l}. In [9] , see also [8] , [10] , it was proven that, for any given resolution level j ∈ (−∞, +∞), a finite set of measurable regions {E jk } N j k=1 can be defined over the sphere, such that
where c B > 0, B > 1; each of these regions can be indexed by a point ξ jk ∈ E jk . Consider now the weight function
for s ∈ N, so that, for any l ≥ 1, we have (cfr. [9] )
here
and
Let
where P l (·) is the Legendre polynomial of degree l, e.g.,
see for instance [1] . Consider now the kernel operator:
It is shown in [9] that for ε > 0, for c B sufficiently small, then
where λ jk is the area of E jk ; it can be shown that it is possible to choose the set E jk so that, for any j, k,
Remark 1 In [8] , [9] , [10] ) the argument l in (1) is replaced by √ −e l , {e l } denoting the spectrum of the spherical Laplacian ∆ S 2 .
Recall that e l = −l(l + 1), whence
Hence we should write
However we shall use instead (1) for the sake of simplicity; of course the difference is asymptotically negligible, considering that trivially
or more explicitely
likewise, let us introduce the mexican needlet coefficients β jk;s := F, ψ jk;s .
It is proven in [9] that there exists a constant
In particular, it was showed in ....that for s = 1
With standard needlets it is possible to build a tight frame with tightness constant equal to 1, allowing for an exact reconstruction formula (cfr. [16] , [17] and [13] ). On the other hand, Mexican needlets have a non-compact support in the harmonic domain, and this makes perfect reconstruction unfeasible for the lack of an exact cubature formula. Despite these features, the Mexican needlets enjoy some remarkable advantages with respect to the standard ones: in particular, they have extremely good concentration properties in the real domain. Moreover, it is possible to choose the measurable disjoint sets E jk with minimal conditions, and still ensure frame constants arbitrarily close to unity (and hence almost exact reconstruction). In this paper, we investigate the exact dependence of localization properties upon s, an issue which is extremely relevant for applications (see for instance Scodeller). It may be noted that the choice of s represents a trade-off between localization in real and harmonic domain; the latter improves as s increases, while the reverse holds for the former.
Let us now introduce the geodesic distance (for ξ jk , x ∈ S 2 )
Before concluding this Section, by considering Remark 1, we can prove the following Lemma 1 For any s > 1 ,
Proof. Easy calculations lead to
Iterating the procedure, we obtain the statement.
The Localization property
The aim of this Section is to achieve an exhaustive proof of the so-called localization property, i.e. to establish an upper bound for the supremum of the modulus of the Mexican needlet defined as (7), remarking its dependence on the resolution level j and on the shape parameter s, up to a multiplicative constant. This result is given in the Theorem 1. We stress again that this achievement was pursued implicitely by Geller and Mayeli in [9] , where the authors anyway found a similar result studying (7) for small and large angles, even if they limited their investigations to the case s = 1. Here, instead, we generalize this result for any value of the shape parameter s in (1) and for any generic value of ϑ by a unique procedure, which resembles the one employed by Narcowich, Petrushev and Ward in [16] to exploit the localization property for standard needlets on the n-dimensional sphere S n (see also [17] , [13] ). In this case, howsoever, we will take advantage of the explicit formulation of the weight function (1), which allows us to compute exactly its Fourier transform in terms of Hermite polynomials and, through that, to exploit precisely the dependence on the resolution level j of the sup |Ψ jk;s (ϑ)|. For the sake of simplicity, let
Theorem 1 Let Ψ ε;s (ϑ) be defined as in (8) . Then, for any s ∈ N, there exists C s > 0 such that
uniformly over j.
Proof. By using the Mehler-Dirichlet representation formula (see for instance [1] ), the Legendre polynomial of degree l can be written as
Hence we obtain
where
using, in the last equality, that
is an even function.
From Lemma 2, we obtain
We observe that
In order to estimate (10), we consider three different cases: First of all, let ϑ ∈ δ,
, where 0 < δ < ε, and observe that we have
Equation (11) becomes:
while the integral (10) can be rewritten as
Recall (see for instance [1] ) that, for n odd, the Hermite polynomials can be rewritten as
Let us call
we obtain
Observe that
we use the substitution u = φ/ϑ, to obtain
we hence apply the substitution t = (u 2 − 1) 1 2 , to obtain
Consider now that for t ∈ [0, 1], (t 2 + 1) r ≤ 2 r , while for t ∈ (1, ∞),
Simple calculations lead to
where we applied the substitution z = ϑ 2ε t 2 . We obtain
Consider now ϑ ∈ π 2
, π and define, as in [16] , see also [13] ,
we can easily observe that
so we have
By substituting in (10), we obtain, following the same procedure as above,
It is easy to see that the function
has an absolute maximum for x = 1. Indeed,
Hence, we have
On the other hand,
By substituting u = φ/ ϑ, we have
and, choosing t = √ 1 − u 2 , we conclude that
We obtain therefore also in this case
Finally, consider ϑ = 0. In this case
Combining these results, we obtain, for ϑ = [0, π],
as claimed.
Remark 2 Recall that
where ϑ (x) = d (x, ξ jk ), the geodesic distance over the sphere between x and ξ jk . Because λ jk ≤ cB −2j , we have
Lemma 2 Let K ε;s (φ) be defined as in (9) . Then there exists C 2s+1 > 0 such that
Proof. We introduce the following notation for the Fourier transform of f ∈ L 1 (R):
Recall also two standard properties for the Fourier transforms: under standard conditions, we have
Finally, recall the Poisson Summation Formula (PSF): if for ω ∈ [0, 2π] and
then:
More details and discussions on Fourier transforms can be found, for instance, in the textbook [20] ). Simple calculations lead us to
While, on one hand, we have
on the other hand, by the definition (1) and by observing that
we can compute
where H 2s+1 (·) is the Hermite polynomial of order 2s + 1. Recall that the polynomials composing H n (x) are all even (odd) if n is even (odd), for more details, see for instance [1] . Collecting all these results, we have that
We hence obtain:
Now, by using (14), we obtain
where the last equality takes in account that H 2s+1 (·) is odd. We have, therefore
We easily obtain that
We observe, first of all, that
Recall that, for n odd, we have
see for instance [1] . Hence we have for |x| > 1
We therefore obtain
we have, considering that e −νφ < 1
because the series 
in order to have
We have for Equation (17) H 2s+1 φ − 2πν Considering that φ < π, simple calculations lead to 
is convergent. Combining (18) and (21) in (16), we obtain that the term corresponding to ν = 0 is dominant, hence we have 
